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SPECT imaging

@ We need accurate SPECT voxel-level dosimetry for RPT [Del Prete et al., 2018; Vergnaud, 2023].

@ SPECT forward model:
y ~P(Ax +5) (1)

(a) y: SPECT Projections (b) x: SPECT Reconstruction
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SPECT imaging

@ We need accurate SPECT voxel-level dosimetry for RPT [Del Prete et al., 2018; Vergnaud, 2023].

@ SPECT forward model:
y ~P(Ax +5) (1)

(a) y: SPECT Projections (b) x: SPECT Reconstruction

@ SPECT degrading effects:

- Partial volume effect
- Scattered events
- Poisson Noise
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SPECT Reconstruction

@ SPECT optimization problem:
x* = argmax L(x) + R(x) 2
x>0
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SPECT Reconstruction

@ SPECT optimization problem:
x* = arg max L(x) + R(x) 2
x>0

@ Model Based Iterative Reconstruction (MBIR):

-~ MLEM/OSEM [Shepp and Vardi, 1982; Hudson and Larkin, 1994]: x/+1l = ATI?I)AT (%)
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SPECT Reconstruction

@ SPECT optimization problem:
x* = arg max L(x) + R(x) 2
x>0

@ Model Based Iterative Reconstruction (MBIR):
- MLEM/OSEM [Shepp and Vardi, 1982; Hudson and Larkin, 1994]: x!<*1l = ;T[—fl)AT (%)

. «[K]
- MAPEM-OSL [Green, 1990; Panin et al., 1998]: x/**1 = WAT(AXYM)
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SPECT Reconstruction

@ SPECT optimization problem:
x* = arg max L(x) + R(x) 2
x>0

@ Model Based Iterative Reconstruction (MBIR):
- MLEM/OSEM [Shepp and Vardi, 1982; Hudson and Larkin, 1994]: x!<*1l = &AT (%)
. . . k+1] _ K]
- MAPEM-OSL [Green, 1990; Panin et al., 1098]: x“"l = Sox s AT (25 ])
- BSREM [Ahn and Fessler, 2003]: xI"1 = x4 4 o, 2% (V£ (x1) — VR(xM))
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SPECT Reconstruction

@ SPECT optimization problem:
x* = arg max L(x) + R(x) 2
x>0

@ Model Based Iterative Reconstruction (MBIR):

- MLEM/OSEM [Shepp and Vardi, 1982; Hudson and Larkin, 1094]: x/“*1) = 2t AT (24

. Xl
- MAPEM-OSL [Green, 1990; Panin et al., 1998]: x/**1 = WAT(A){[“])

- BSREM [Ahn and Fessler, 2003]: xI"1 = x4 4 o, 2% (V£ (x1) — VR(xM))
- Classical R(x): TV [Panin et al., 1998], RDP [Ahn et al., 2015; Kangasmaa et al., 2021], ...
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SPECT Reconstruction

@ SPECT optimization problem:
x* = arg max L(x) + R(x) 2
x>0

@ Model Based Iterative Reconstruction (MBIR):

- MLEM/OSEM [Shepp and Vardi, 1082; Hudson and Larkin, 1994]: x“1) = 27 AT ()
. H . k+1] __ X[k] T
- MAPEM-OSL [Green, 1990, Panin et al. 1998] [ +1] = WA (W)
- BSREM [Ahn and Fessler, 2003]: x*+1 = x¥ 1 o, Tl(vc( Xy — TR(xM)
- Classical R(x): TV [Panin et al., 1998], RDP [Ahn et al., 2015; Kangasmaa et al., 2021], ...
@ Deep learning

- Post/pre-processing methods [Pan et al., 2022; Kaprélian et al., 2024; Leube et al., 2024]
- Black-box, physics-agnostic, and require large training database
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SPECT Reconstruction

@ SPECT optimization problem:
x* = argmax L(x) + R(x) 2
x>0

@ Model Based Iterative Reconstruction (MBIR):

- MLEM/OSEM [Shepp and Vardi, 1082; Hudson and Larkin, 1994]: x“1) = 27 AT ()
. H . k+1] __ X[k] T
- MAPEM-OSL [Green, 1990, Panin et al. 1998] [ +1] = WA (W)
- BSREM [Ahn and Fessler, 2003]: x*+1 = x¥ 1 o, Tl(vc( Xy — TR(xM)
- Classical R(x): TV [Panin et al., 1998], RDP [Ahn et al., 2015; Kangasmaa et al., 2021], ...
@ Deep learning

- Post/pre-processing methods [Pan et al., 2022; Kaprélian et al., 2024; Leube et al., 2024]
- Black-box, physics-agnostic, and require large training database

@ Unrolling [Adler and Oktem, 2017; Monga et al., 2021; Li et al., 2023]
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Unrolled Algorithm

@ Core idea: transform a fixed number of optimization iterations into a network architecture, with a
learnable component (prior, psf, ...).
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Unrolled Algorithm

@ Core idea: transform a fixed number of optimization iterations into a network architecture, with a
learnable component (prior, psf, ...).

@ Bi-level formulation:
0 € argmin L(%p) (Outer Problem)
0 S~~~

Loss (2)
Xo € arg max (L(x) + Rg(x)) (Inner Problem)
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Unrolled Algorithm

@ Core idea: transform a fixed number of optimization iterations into a network architecture, with a
learnable component (prior, psf, ...).

@ Bi-level formulation:
0 € argmin L(%p) (Outer Problem)
0 S~~~

Loss (2)
Xo € arg max (L(x) + Rg(x)) (Inner Problem)

P (x%0) = o, 0) 00 p(x1%,0)  (3)

K times
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Unrolled Algorithm

@ Core idea: transform a fixed number of optimization iterations into a network architecture, with a

learnable component (prior, psf, ...).

@ Bi-level formulation:

0 € argmin L(%p) (Outer Problem)
0 ~—~—

Loss

Xo € arg max (L(x) + Rg(x)) (Inner Problem)

P (x%0) = o, 0) 00 p(x1%,0)  (3)

K times

@ For MAPEM-OSL :

MO

o(x 9) = AT(1) + VR (xIK) AT<A>}</["]> ®)

With VR a CNN.
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Unrolled Algorithm

@ Core idea: transform a fixed number of optimization iterations into a network architecture, with a
learnable component (prior, psf, ...).

@ Bi-level formulation:

0 € argmin L(%p) (Outer Problem)
0 ~—~—

Loss

Xo € arg max (L(x) + Rg(x)) (Inner Problem)

goK(x[O],é)) =p(-,0)0---0 SO(Xlo]y 0) (3) @ Advantages

K times - Small training dataset
- Interpretable
- Physics knowledge

@ For MAPEM-OSL :

MO

o(x 9) = AT(1) + VR (xIK) AT<A>}</["]> ®)

With VR a CNN.
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Unrolled Algorithm

@ Core idea: transform a fixed number of optimization iterations into a network architecture, with a
learnable component (prior, psf, ...).

@ Bi-level formulation:

0 € argmin L(%p) (Outer Problem)
0 ~—~—

Loss

Xo € arg max (L(x) + ’Rg(x)) (Inner Problem)

O(x.0) = p(-,0) 0 0 p(x 6)  (3) @ Advantages

K times - Small training dataset
- Interpretable
- Physics knowledge

@ For MAPEM-OSL :
[K]

I4] _ X T Y
o(x,0) = AT(1)+V729(X[“])A (Ax[k]> (4) @ Drawbacks

- Memory consumption
- Computation time

With VR a CNN.
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Deep Equilibrium models (DEQ)

@ Deep Equilibrium (DEQ) [Bai et al., 2019] is a bi-level framework in the specific case where %y is the fixed
point of an operator ¢(-,6):
X0 = ¢(%0,0) (5)
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Deep Equilibrium models (DEQ)

@ Deep Equilibrium (DEQ) [Bai et al., 2019] is a bi-level framework in the specific case where %y is the fixed
point of an operator ¢(-,6):
%o = ¢(%o,0) ()

@ DEQ also require large amount of memory to train due to Jacobian computation and inversion. To
overcome this limitation, [Fung et al., 2022] introduce Jacobian-Free Backpropagation (JFB).
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Deep Equilibrium models (DEQ)

@ Deep Equilibrium (DEQ) [Bai et al., 2019] is a bi-level framework in the specific case where %Xy is the fixed

point of an operator ¢(-, 0):
%o = p(%0,0) (5)

@ DEQ also require large amount of memory to train due to Jacobian computation and inversion. To
overcome this limitation, [Fung et al., 2022] introduce Jacobian-Free Backpropagation (JFB).

@ Link between JFB and Unrolled network [Davy et al., 2025]: To solve the (Outer Problem) of our
bi-level problem, we use gradient decent algorithm :

plm+1l — glml _ 7_g(g[m]) (6)
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Deep Equilibrium models (DEQ)

@ Deep Equilibrium (DEQ) [Bai et al., 2019] is a bi-level framework in the specific case where %Xy is the fixed
point of an operator ¢(-, 0):
%o = ¢(%e,0) (5)

@ DEQ also require large amount of memory to train due to Jacobian computation and inversion. To
overcome this limitation, [Fung et al., 2022] introduce Jacobian-Free Backpropagation (JFB).

@ Link between JFB and Unrolled network [Davy et al., 2025]: To solve the (Outer Problem) of our
bi-level problem, we use gradient decent algorithm :

plm+1l — glml _ 7_g(g[m]) (6)

g"""(8) = 9xL(%6) Dop(R0, #)(6)

- : ¢ @)
= 0xL(p(X0,0)) Doo(%0,#)(0)
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Deep Equilibrium models (DEQ)

@ Deep Equilibrium (DEQ) [Bai et al., 2019] is a bi-level framework in the specific case where %Xy is the fixed
point of an operator ¢(-, 0):

X0 = p(X0,0) (5)

@ DEQ also require large amount of memory to train due to Jacobian computation and inversion. To
overcome this limitation, [Fung et al., 2022] introduce Jacobian-Free Backpropagation (JFB).

@ Link between JFB and Unrolled network [Davy et al., 2025]: To solve the (Outer Problem) of our
bi-level problem, we use gradient decent algorithm :

plm+1l — glml _ 7_g(g[m]) (6)
g""(0) = 9<L(%0) Do p(%0, #)(0)
= OxL(p(%0,0)) o p(%0, ) (0)
@ Suppose that Xx_1 = " }(x1%,9) ~ %y, then
g""(0) ~ OcL(p(Sk-1,0)) o p(S—1,9)(0) (8)

= Equivalent to backpropagate through the last iteration only
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Jacobian-Free Unrolling

Jacobian-Free Unrolling (JFU)

Classical Unrolling
Max itration (K) ~6—8
Parameters 0={61,...,0c}
Memory Scale with K
Training Time Scale with K
Backpropagation All iterations
g(0) = OxL(" (x1%),0)) Do (<1, @) (0)

00
Forced to be tight
Constant
~2x faster for the same K
Only the last iteration

O L(p(%K-1,0)) Do p (S -1, #)(0)
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Jacobian-Free Unrolling

Classical Unrolling

Jacobian-Free Unrolling (JFU)

Max itration (K)
Parameters
Memory
Training Time
Backpropagation
g(0) =

~6—38
0={61,...,0c}
Scale with K
Scale with K
All iterations
OxL("(x1,0)) Do (<1, 0)(6)

00
Forced to be tight
Constant
~2x faster for the same K
Only the last iteration

O L(p(%K-1,0)) Do p (S -1, #)(0)

@ Theoretically, Xxk—1 =~ X¢. This assumption does not hold in SPECT. Can we still use JFU ?
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Jacobian-Free Unrolling

Classical Unrolling

Jacobian-Free Unrolling (JFU)

Max itration (K)
Parameters
Memory
Training Time
Backpropagation
g(0) =

~6—38
0={61,...,0c}
Scale with K
Scale with K
All iterations
OxL("(x1,0)) Do (<1, 0)(6)

00
Forced to be tight
Constant
~2x faster for the same K
Only the last iteration

O L(p(Sk-1,0)) O p(Sk—1, 0)(0)

@ Theoretically, Xxk—1 =~ X¢. This assumption does not hold in SPECT. Can we still use JFU ?

= The JFB update still provides a descent direction for poor estimate of Xy
[corollary 0.1 [Fung et al., 2022]]
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Jacobian-Free Unrolling

Classical Unrolling Jacobian-Free Unrolling (JFU)
Max itration (K) ~6—8 00
Parameters 0={61,...,0c} Forced to be tight
Memory Scale with K Constant
Training Time Scale with K ~2x faster for the same K
Backpropagation All iterations Only the last iteration
g(0) = 0 L(0" (X1, 6)) D" (x!, 0)(8) | xL((5x—1,6)) Doo(Sx—1, #)(6)

@ Theoretically, Xxk—1 =~ X¢. This assumption does not hold in SPECT. Can we still use JFU ?

= The JFB update still provides a descent direction for poor estimate of Xy
[corollary 0.1 [Fung et al., 2022]]
@ In our experiments:

| Classical Unrolling | Jacobian-Free Unrolling (JFU)

K 6 6 — 18
VRAM 11.5 GiB 4.96 GiB
Parameters ~ 840000 ~ 140000
Time/epochs ~ 25 min ~ 12 min — ~ 37 min
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Dataset Generation

No ground truth available: synthetic dataset [Kaprélian et al., 2024]
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Dataset Generation

No ground truth available: synthetic dataset [Kaprélian et al., 2024]
@ (i) Source: random activity sources from segmented CT[Wasserthal et al., 2023]

@ (ii) Acquisition simulation: attenuation + noise + PSF
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Dataset Generation

No ground truth available: synthetic dataset [Kaprélian et al., 2024]
@ (i) Source: random activity sources from segmented CT[Wasserthal et al., 2023]

@ (ii) Acquisition simulation: attenuation + noise + PSF

16 patients CT
10 Training/3 validation/3 test = 150/45/45 simulated acquisitions
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Training convergence and stability
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Figure: Training and validation loss for ours models
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Training convergence and stability
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Figure: Training and validation loss for ours models

@ JFU helps to stabilize the training, especially with more iterations.
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Evaluation on simulated dataset - Global metrics

NRMSE vs Updates

2.7 L + +
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Figure: Evolution of the NRMSE as a function of the number of inner problem updates. Averaged on 45 simulated patients
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Evaluation on simulated dataset - Global metrics

OSEM(10i,85) MAPEM(20i,8s) PVCNet-sino U-MAPEM(6i)  JFU-MAPEM(18i)
[Kaprélian et al., 2024]
PSNR?t 39.51 42.16 41.23 41.03 42.12
NRMSE] 2.19 1.63 1.79 1.83 1.62
NMAE| 0.37 0.27 0.25 0.24 0.24

Table: Mean of global metrics (PSNR, NRMSE, NMAE) obtained on the 45 simulated acquisitions. Best values are shown in green and second best in ' blue .

(a) source ) OSEM ) MAPEM ) PVCNet-Sino ) U-MAPEM ) JFEU-MAPEM
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Evaluation on simulated dataset - Local metrics

@ ROI-level metric : Recovery Coefficient (RC), Volume Activity Accuracy (VAA) [Leube et al., 2024]

ref i
L #{i such that IROI — ROK|

VAA(ROI" ROI) = < 0.05} x 100% 9)

#voxels |ROI|
VAAT
organ OSEM  MAPEM  PVCNet-sino U-MAPEM JFU-MAPEM(18it)
liver 0.18 0.30 0.25 0.2635 0.53%5
spleen 0.11 0.19 0.20 0.1633 0.3755
bladder | 0.09 0.12 0.06 0.07%, 0.11.,
kidney 0.09 0.12 0.18 0.21** 0.29%"
lesions 0.02 0.02 0.07 0.04% 0.05%"

Table: Mean of local metrics VAA obtained for different ROls on 45 simulated patients. Best values are shown in green and second best in  blue . We

conducted paired t-tests to assess the significance of the differences between our methods and the reference methods. Significance w.r.t RM is denote with *
(p < 5x1073), ¥ (p < 5 x 10™*) and significance w.r.t MAPEM is denote with o (p < 5 X 1073), 0o (p < 5 x 10~%).
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Experimental results - RC on the IEC phantom

Recovery Coefficients on experimental IEC

—

e -

o 0.6
s —e— RM
“ o4 ./// —o— RDP 8
:Z‘./ —e— PVCNET
B —e— U-MAPEM(6i)
02 —e— JFU-MAPEM(18i) )
|{ ---- lIdeal Recovery Coefficient
1
4.29.2 20.6 44.6 92.0 21‘2.2

Sphere Volume (mL)

Figure: Recovery Coefficients (RCs) obtained with the 6-sphere IEC phantom experimental acquisition (177Lu, Siemens Intevo Bold).
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Experimental results

@ JFU-MAPEM introduce less artefact than PVCNet-Sino

(a) OSEM ) MAPEM ) PVCNet-Sino (d) JFU-MAPEM
@ Real clinical data (qualitative)

(a) Attmap (b) MAPEM (c) PVCNet-Sino (d) JFU-MAPEM
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Conclusions and perspective

@ Key take home message

- There is a clear connection between DEQ and Unrolled methods. [Davy et al., 2025]

- With JFU we are no longer limited by VRAM, only by computation time !

- JFU improves training stability even though the unrolled iterative scheme has no convergence
guaranties.

- JFU have better quantitative performance.
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Conclusions and perspective

@ Key take home message

- There is a clear connection between DEQ and Unrolled methods. [Davy et al., 2025]

- With JFU we are no longer limited by VRAM, only by computation time !

- JFU improves training stability even though the unrolled iterative scheme has no convergence
guaranties.

- JFU have better quantitative performance.

@ Perspective:

- Application to new SPECT geometries (Veriton/StarGuide)
- Investigate subset acceleration.

- Leveraging larger neural networks.

- Impact on voxel based dosimetry.
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Thank you!
Do you have any questions?
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Figure: Training and validation loss for ours models

OSEM(10i,8s) MAPEM(20i,8s) PVCNet-sino U-MAPEM(6i) U-MAPEM(18i) U-MAPEM(18i) JFU-MAPEM(18i)
[Kaprélian et al., 2024]
PSNRT 39.51 42.16 41.23 41.03 41.65 42.00 42.12
NRMSE| 2.19 1.63 1.79 1.83 1.70 1.64 1.62
NMAE] 0.37 0.27 0.25 0.34 0.30 0.24 0.24

Table: Mean of global metrics (PSNR, NRMSE, NMAE) obtained on the 45 simulated acquisitions. Best values are shown in green and second best in blue .
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organ

OSEM  MAPEM

RC

PVCNet-sino

U-MAPEM

JFU-MAPEM(18it)

liver
pancreas
spleen
bladder
kidney

lesions

0.91
0.54
0.84
0.80
0.76
0.46

0.96
0.52
0.87
0.82
0.82
0.42

0.89
0.56
0.91

0.72
0.88
0.64

0.973
0.413
0.9537
0.89:*
0.8%%
0.52%%

0.94%%
0.50%%
0.90%%
0.854,
0.86**
0.543%

Table: Mean of RC obtained for different ROIs on 45 simulated patients. Best values are shown in green and second best in blue . We conducted paired t-tests

to assess the significance of the differences between our methods and the reference methods. Significance w.r.t RM is denote with * (p < 5 X 1073), **

(p < 5 x 10*) and significance w.r.t MAPEM is denote with o (p < 5 x 1073), 00 (p < 5 x 10~%).
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| OSEM(10i,85) BSREM(20i,8s) PVCNet-sino U-BSREM(6i) JFU-BSREM(6i) JFU-BSREM(12i) JFU-BSREM(I8i)
PSNR 39.51 41.66 4123 41.99 4134 41.67 41.82
NRMSE 2.19 1.72 1.79 1.64 1.77 1.70 1.68
NMAE 0.37 0.28 0.25 0.25 0.30 0.28 0.25

TABLE III: Mean of global metrics (PSNR, NRMSE, NMAE) for the 7 compared reconstruction methods, obtained on the
45 simulated patients. Best values are shown in 'green and second best in blue . We conducted paired t-tests to assess the
significance of the differences between our methods and the two reference methods. Across all tests and method combinations,
we obtained p-values smaller than 1 x 10~°.

organ OSEM _ BSREM PVCNet-sir:cJJAA U-BSREM _ JFU-BSREM(I8it) | OSEM  BSREM PVCNet»sim]: ‘ U-BSREM __JFU-BSREM(18it)
liver 0.18 0.32 0.25 0.5033 (154 091 0.93 0.89 0.94%% 09533
pancreas | 0.02 001 0.03 0.01 0.01 0.52 0.66 0.56 0.503% 05933
spleen 0.1 023 0.20 03033 03033 0.84 0.90 091 0.9033 09133
bladder | 0.09 0.14 0.06 0.103, 0.11,, 0.80 0.84 0.72 0.783* 0.79
kidney 0.09 0.16 0.18 O 0.293* 0.76 0.84 0.88 0.86%% 0.88**
lesions 0.02 0.02 0.07 0.05%* 0.05%* 0.46 0.4 0.64 0.58%% 0.523%

TABLE IV: Mean of local metrics (VAA and RC) obtained for different ROIs on 45 simulated patients. Best values are shown
in 'green and second best in blue . We conducted paired t-tests to assess the significance of the differences between our
methods and the reference methods. Significance w.r.t RM is denote with * (p < 5x 1073), ** (p < 5 x 10~*) and significance
w.r.t RDP is denote with o (p < 5 x 1073), 0o (p < 5 x 10~%).
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Figure: Training and validation loss for U/JFU-BSREM
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0" € argmin L(%p) (Outer Problem)
0
Xo € arg max ([,(x) + Rg(x)) (Inner Problem)

glm+1l _ glml _ Tg(@lm])
Using the chain rule,

g(0) = 0oL(%)
O L(%0) T Bo%o

@ The gradient OxL can be computed explicitly in most cases
@ The main challenge is the computation of JyXg
@ Several approaches exist to address this problem:

- Deep Equilibrium Networks (DEQ) [Bai et al., 2019] (Jacobian calculation)
- Unrolled algorithms [Monga et al., 2021] (end to end autodiff)
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Backup - Jacobian-Free Backpropagation (JFB) I

%o = p(%0,0) (14)
Deriving with respect to 6, we get :
9ok = [Oxp(®,0)(X6)]00%0 + Ooip(%0,)(0) (15)
[Id — Oxp(e,0)(%6)]00%0 = Oosp(%0,)(0) (16)
So we have,
g°79(0) = D L(%0)[1d — xip(o,0)(%0)] " Dop(%0, #)(6) (17)
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3 main steps to solve the OQuter problem :
@ Finding %9 such that %¢ = ©(%¢,0) (any solver can be used)
@ Computing the Jacobian dxp(e,0)(Xs)  (auto-differentiation)
@ Inverting Jo = [Id — Oxp(e,0)(%9)]  (Neumann inversion)

lp = Z[8X¢(~,0)(>“<9)]P (Neumann Inversion)

p=0

To avoid the Jacobian calculation/inversion, we can use Jacobian-Free Backpropagation (JFB) [Fung et al.,
2022].

g777(0) = 0xL(%0) (%0, )(0) (18)

Interpretations :
@ A case where ng =Id

@ Neumann inversion truncated at order 0, leading to J@_1 =Id

Advantages: Faster and fixed-memory approch
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